If the second differences are unequal, as below : * add the two consecutive second differences, take half the sum for the second difference, and multiply as before. But, suppose you wish to find any one of the logarithms without the others. Multiply the number less than ten which is written at the end of the given number A, into the given difference C ; multiply also the number standing opposite to it in Table E' into the second difference; and, cutting off three figures from the latter A 2 of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S2046167400003414 Downloaded from https://www.cambridge.org/core. INSEAD, on 24 Sep 2018 at 00:03:45, subject to the Cambridge Core terms [JAN. product, and one from the former, add the products : the sum added to the given Logarithm will give the Logarithm sought. If, for example, you wish to know what is the Logarithm of the number 96157, the process is as follows. The given difference 4516608416 is to be multiplied by 7. The product is 31616258912. Then taking 105, the number opposite to 7 in Table E', multiply it into the second difference 469721; add the product 49320 | 705 (with the three last figures cut off) to the first product (with one figure cut off) 3161625891. Add the total 3161675212 to the given Logarithm ¶, and the total, 398298090532662, will be the required Logarithm of the number 96157. If you wish to know the difference between the Logarithm of this number and that of the next higher number : multiply the number in the Table standing opposite the number 8, which is greater by unity than the given 7, into the second difference 469721; subtract the product 11743|025 (with three figures cut off) from the tenth part of the given first difference, and the remainder 451649099 will be the difference sought. † [The remainder of this Chapter describes the method of finding the number corresponding to a given Logarithm. It would not be intelligible without quotations from former Chapters ; and as it does not illustrate the direct method of interpolation, it is here omitted.] CHAPTER XIII.
To find the Logarithms of the omitted Thousands of natural numbers [20,000 to 90,000, not calculated in his Tables] ; or, given any equidistant numbers whatsoever, together with their Logarithms, to find the Logarithms of the four numbers interpolated at equal intervals between each adjacent two.
The intermediate Logarithms may be obtained in various ways. I think the following is the best way ; the others we will consider afterwards.
Take the first, second, third, fourth and other differences of the given Logarithms ; and divide the first differences by 5, the second by 25, the third by 125, and so on ; the divisors increasing in a quintuple ratio ; and call the quotients the first, second, third, &c., mean differences. Or, instead of dividing, multiply the first given differences by 2, the second by 4, the third by 8, and so on ; cutting off in the products, one figure from the first product, two from the next, three from the third, and so on : [i. e. multiply the of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S2046167400003414 Downloaded from https://www.cambridge.org/core. INSEAD, on 24 Sep 2018 at 00:03:45, subject to the Cambridge Core terms given differences respectively by ·2, by ·04, by ·008, &c.] These products (which are equal to the quotients above-described) will be the first, second, third, &c., mean differences. For example, let the following Logarithms be given, together with their first, second, third, fourth and fifth differences, which in fact are found from the given Logarithms by subtraction.
We have next to find the mean differences. Multiplying the given first differences by 2, and cutting off the last figure, we get the first mean differences. The remaining mean differences will be found by multiplying the other differences by 4, 8, 16, 32, &c., and cutting off 2, 3, 4, 5, . . . . figures from the products.
Then these mean differences are to be corrected in the following manner:
The two highest differences-the fifth and the fourth-cannot be corrected, because the seventh and sixth are nothing : for every correction of the differences is made by subtracting the alternate corrected differences of the higher orders : thus, the subtraction of the seventh differences corrects the fifth : that of the sixth, corrects the fourth, &c. Therefore in the present case, the fourth and fifth mean differences are taken for the fourth and fifth corrected differences.
Every third mean difference however is corrected by subtracting from it three times the fifth corrected difference. In this manner then have all the differences been corrected and prepared for use. If there were more orders of differences, we should proceed in the same way, commencing with the highest orders, which we always suppose to be the least.
The following Table shows what multiple of each difference is to be subtracted in each case :
The numbers placed in column A denote the mean differences of the first, second, third and other orders up to the 20th. But the numbers in the columns B, C, D, &c, show what multiples of each corrected difference are to be subtracted* from those mean differences which are placed in column A in the same line with them. For example : from the sixth mean difference we must subtract six times the eighth corrected difference ; of the 10th corrected difference; 26 times the 12th corrected difference; and so on ; and in the same manner from the first mean difference we must subtract the third corrected difference and of the fifth difference.
* Not only for Logarithms are all to be subtracted, but also for Tangeuts, Secants, and for any the same powers of equidistant numbers. For Sines, however, the differences contained in columns B, D, F, H, are to be added to the mean differences placed in column A: but the others in columns C, E, G, I, are to be subtracted.
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Having found these corrected differences, the next step will be to insert each conveniently in its place, in order that in so complicated an operation all confusion may as far as possible be avoided. We shall accomplish this more readily if we have a sheet of crossruled paper divided as in the following Table, and if the first, third, fifth, seventh, and other odd differences are written in a different coloured ink from the others.* The given Logarithms marked A occupy every fifth place. The second corrected differences, C, the fourth, E, the sixth, the eighth, &c, are placed to the left in the same line as the Logarithms. But the first corrected differences, B, the third, D, the fifth, seventh, &c, are placed in the centre of each space. Lastly, the vacant places are to be filled up, beginning from the left. By the addition of the fourth differences, we obtain the third : by the addition of the third, we obtain the second ; and so on : and in the process of addition we may either add or subtract a unit in the last place, as required. For with irrational quantities, it will be sufficient to have differences approximately true, since we cannot find the true values exactly. For this reason, although I said in the beginning of this chapter that the last figure was to be cut off from the products of the first differences by 2, yet here I have cut off none ; but, in the first and remaining differences, I have thought it better to retain one figure beyond the established limits, in order that the work may proceed with greater certainty of accuracy. I recommend the same course to be pursued with Tangents, Secants, and Sines ; but in dealing with the powers of equidistant numbers, where the given numbers and all the differences are rational, all may be contained within the prescribed limits; for there always exists a definite number of orders of differences, which cannot be exceeded, when the difference between the numbers is constant. For instance, in squares there are two orders of differences ; in cubes, three orders ; in the fourth powers, four orders; and so on. And the differences of the highest order are always equal to each other, and equal to the product of the same power of the common difference into the continued product of the index of that power into all lower numbers [equal to n(n -1)(n -2) . . .
2.1,b
n if the numbers are a n , (a + b) n , (a + 2b) n . . . .] so that if the difference of the given numbers is 1, the last differences will be in the case of squares, 2 ; in cubes, 6 ; in the fourth powers, 24; in (5), 120; in (6), 720 ; in (7), 5040; &c.; these numbers being the continuous products 1.2 = 2, 1.2.3 = 6, 1.2.3.4 = 24, &c. But if the difference of the given numbers be 3, the difference of the highest order will be in the case of the squares 18,-the product of the square 9 into 2; in the case of the cubes, 162,-the product of the cube 27 into 6; in the case of the fourth powers, 1944,-the product of the fourth power 81 into 24, &c.
In all these cases, both in the powers of numbers, and in Logarithms, Tangents and Secants, it will be necessary to include in the [JAN. work several more numbers than those between which we interpolate; or we shall not be able to obtain the last differences. Thus, in the example given above, we must take in one direction the numbers 2110 and 2105 ; and in the other direction 2130 and 2135. But in the case of Sines, if the sines of three equidifferent arcs are given, all the differences, even of the highest order, can be found by the rule of proportion, if required. For the Sines and their Second, Fourth, Sixth, and Eighth differences are always proportional; and the First, Third, Fifth, and Seventh differences are also always proportional. Thus, as the Second differences are themselves proportional to the corresponding Sines; as are also the Fourth, Sixth, &c. differences; so the First, Third, Fifth and Seventh differences are proportional to the cosines of the arcs which are the arithmetic means of the given arcs.
But I feel I have been carried away by these considerations into a longer digression than is warranted by the laws of homogeneous quantities. If you wish to compute another Thousand Logarithms to be added to those I have calculated (suppose the twenty-first Thousand) you must take the fifth part of that number from which you are to begin. The first number will then be 20,000, the fifth part of which is 4000. To the Logarithms of this number and of the next two hundred numbers, add the Logarithm of 5 ; then the sums will be the Logarithms of each fifth number through the whole Thousand : namely, of 20000, 20005, 20010, 20015 , &c. Now their first differences are the same as those of the above two hundred Logarithms; and are found* in the fifth Thousand of my tables. From these differences are to be found the second differences. The second differences will likewise give the third. The fourth differences are however very small, so that we may safely neglect them. Then multiply the first, second and third differences into two [·2], four [·04], eight [·008] . The products will be the mean differences that are to be inserted in their respective places, having first cut off one figure from the second, and two from the third differences. But the first differences are to be kept out of their places until they have been corrected by subtracting the third differences : all the rest are to be obtained by addition.
This method of interpolating four Logarithms between two given ones, may be called Quintisection, because from one interval five are to be made. General rules can also be given for Trisection, * Briggs's Tables of Logarithms contain, not only the logarithms to 14 decimal places, but also the differences between successive logarithms. and Septisection; but of all these, Quintisection is the best, whether we regard the length or the facility of the computation. Nevertheless it will be worth while to give in a few words the method of Trisection. Take as before the first, second, third, &c, differences of the given quantities. Then divide the first differences by 3, the second by 9, the third by 27, the fourth by 81, and so on; the divisors increasing in triple ratio: and the quotients will be the first, second, third, fourth, &c, mean differences. These mean differences are, as before, to be diminished in all cases except in the case of Sines; and then the corrected differences are to be put into their proper places : and, commencing with the differences of the highest order, which are supposed to be the smallest, all the work is to be done as before by addition.
The annexed Table shows how much is to be subtracted from each difference:
From the first mean difference we must take of the third corrected difference.
Prom the fourth mean difference we must take of the sixth, of the eighth, of the tenth, of the twelfth corrected differences.
The other Sections, named after the even numbers, as Bisection, Quadrisection, &c., are more difficult. This we also experience in finding the chords of circular arcs: for whilst the sections named after the odd numbers show the required chords themselves at one operation; the others, named after the even numbers, develope, not the chords, but only their squares.
[JAN.
Here is an example of Trisection in the Fourth powers.
The third and fourth mean differences cannot be corrected. If of the fourth difference be subtracted from the second mean differences, the remainders will be the second corrected differences C.
If of the third difference be subtracted from the first mean differences, the remainders will be the first corrected differences B, as appears from the table X, ante.
We next give a translation of the paper by Legendre in the additions to the Connaissance des Terns for 1817, (mentioned by M. Maurice), in which he demonstrates the reasons of the rules laid down by Briggs.
We are indebted to Henry Briggs, Professor of Geometry at Oxford, for two fundamental works, the Arithmetica Logarithmica published at London in 1624, and the Trigonometria Britannica of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S2046167400003414 Downloaded from https://www.cambridge.org/core. INSEAD, on 24 Sep 2018 at 00:03:45, subject to the Cambridge Core terms published at Gouda in 1633. Each of these works is prefaced by a treatise in which the author has explained, with all necessary details, the various methods employed by him in constructing his Tables. These methods are principally his own invention, and prove him to have been quite familiar with the theory of differences, although he was not acquainted with the general formula for interpolating intermediate values of a function in a series of values corresponding to equidistant values of the argument.
Briggs supplied the place of this formula by a very remarkable method, which may be called the Method of Quintisection, by means of which, if a series of equidistant values are given, we may interpolate between any two adjacent values, four others, so that the total number of the terms of the series shall be five times as many as before In this manner, Briggs extended by successive steps the various tables he wished to construct, until the scheme he had proposed to himself was completed. He does not however give any demonstration of this method, but simply explains the process in the clearest manner, giving numerous illustrations in both his above-mentioned works.
It does not appear that this method has ever attracted much attention, or that any one has tried to demonstrate it. If however we consider that these very works of Briggs's have been the foundation of all or nearly all the Trigonometrical Tables hitherto published, that it is only by means of the Tables they contain that we can, without great labour, find the logarithm of a number, or of a sine, to 14 places of decimals, and a natural sine to 15 places; it will probably not be thought surprising that I have examined with some interest one of the principal bases on which those two great works have been constructed.
I will now proceed with the demonstration at which I have arrived. It is not so simple as I could have wished; but it may perhaps lead to the discovery by some other mathematician of a demonstration more akin to that which the author himself must have discovered, although he neglected to publish it.
Given a series of values of a function, a, a ', a", a'", . . . ; corresponding to the values of the argument 0, 1, 2, 3 , . . . . ; and such, that their first, second, third, &c, differences constantly diminish and at last become so small that they may be neglected; it is required to interpolate four equidistant values between any adjacent two of the given values, so that the terms of the resulting series shall correspond to arguments differing by '', y''', . . . , and of their successive differences.
The law of these expressions is evident, and we shall have, generally, whatever may be the values of m and n, where it is supposed that after having substituted the value ω = (1 + δ), and expanded the second member by powers of δ, each term as aδ n , is to be replaced by the difference δ n a. All is known when the expansions are completed, but the process is long and troublesome. The quantities are what Briggs calls mean differences ; they give a first approximation to the differences δy", but these values require to be corrected by means of the following terms. But, from the nature of the case, the successive differences must diminish very rapidly, and it will therefore not be necessary to go beyond that order of differences which may be safely neglected in the series a, a', a" , . . and much more in the series y, y', y" , . . . We may therefore suppose the two last differences of the series equal to the two mean differences deduced from the two last terms of the series
We must then correct the other differences, beginning with those of the highest order and ending with the differences We shall thus have the corrected values of these last differences, and by means of these and the preceding ones we can complete by addition the columns of the differences, and lastly we can form the column of values y, y ', y", y"', . . . This is in fact the method of Briggs, which it was our object to demonstrate, and which, although somewhat complicated in appearance, is rendered perfectly clear by the examples the author has given. Our readers will now be in a position to judge for themselves of the justice of M. Maurice's strictures on Briggs's method. They will see that there is no possibility of confusion in consequence of the differences of various orders having relation to different terms in the series of given values, provided that the differences are written in the usual way-each difference on a line half way between the two values from which it is obtained. They will also see that M. Maurice in asserting that the values in the table on p. 81 are obtained by subtraction, and not by addition, as stated by Briggs himself, (see p. 12 of this volume,) overlooked the circumstance that a computer would naturally form the successive values by addition, commencing from the bottom; instead of beginning at the top and using subtraction. There can be no doubt, we believe, that Briggs's description of his method will be found perfectly clear by any computer wishing to apply it in practice.-ED. J. I. A.
